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Abstract
We study the effects of quantum fluctuations on the dynamical generation
of a gap and on the evolution of the spin-wave spectra of a frustrated mag-
net on a triangular lattice with bond-dependent Ising couplings, analog of
the Kitaev honeycomb model. The quantum fluctuations lift the subexten-
sive degeneracy of the classical ground-state manifold by a quantum order-
by-disorder mechanism. Nearest-neighbor chains remain decoupled and the
surviving discrete degeneracy of the ground state is protected by a hidden
model symmetry. We show how the four-spin interaction, emergent from
the fluctuations, generates a spin gap shifting the nodal lines of the linear
spin-wave spectrum to finite energies.
Keywords: frustrated magnetism, triangular lattice, bond-dependent Ising
couplings, quantum fluctuations, linear spin-wave spectrum, spin gap
1. Introduction
Accidental degeneracies between various order patterns are a characteris-
tic of frustrated magnets, where not all pairwise exchange interactions can be
simultaneously satisfied [1]. Order-by-disorder mechanism, driven by thermal
and/or quantum fluctuations, is often capable to lift such degeneracies select-
ing an unique ground state [2–4]. Actually, the order-by-disorder mechanism
results inactive on highly frustrated quantum magnets (e.g., Kagomé and
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pyrochlore isotropic spin one-half antiferromagnets) and these latter remain
disordered down to the lowest temperatures, realizing the so-called quantum
spin liquid in their ground states [1]. Another relevant case in which it is pos-
sible to have a spin-liquid ground state is Mott insulators with unquenched
orbital moments and strong spin-orbit coupling where bond-dependent Ising-
type interactions may dominate over the conventional Heisenberg term and,
even being ferromagnetic, can frustrate long-range magnetic orders [5]. The
exactly solvable Kitaev honeycomb model [6], where nearest-neighbor spins
are coupled by Ising-type terms selected by the bond directionality (each of
the three spin components for each of the three non-equivalent bonds in the
lattice), is the most famous theoretical realization of this scenario.
Several extensions of the Kitaev model have been studied and, in par-
ticular, the so-called Kitaev-Heisenberg model [7–11] in connection to many
experimental facts [12–17]. The resulting theoretical phase diagram is very
rich and includes both the ordered phases seen experimentally and the quan-
tum spin-liquid around the Kitaev limit. Recently, a triangular analog of
the Kitaev-Heisenberg model – an extension of the anisotropic spin model
originally proposed to study sodium cobaltates [18] – for classical [19] and
quantum [20, 21] spins has been studied numerically. The obtained rich
phase diagram includes a nematic phase of decoupled Ising chains with sub-
extensive degeneracy at the Kitaev limit [20]. As the true nature of the
ground state for quantum spins in the Kitaev triangular model, despite the
intensive numerical analyses, was still not understood, two of the authors
studied such model and solved the puzzle of its ground state – explaining
and quantifying the results obtained by previous numerical simulations – by
analyzing the effects of quantum fluctuations within both the linked-cluster
expansion [22], combined with degenerate perturbation theory, and the linear
spin-wave theory [23]. In particular, they have shown (a) the presence of a
mechanism of quantum selection of an easy axis that reduces the classical
degeneracy, (b) the emergence of a next-nearest-neighbor four-spin interac-
tion that reduces the sub-extensive degeneracy of the ground state manifold,
and (c) the existence of a hidden symmetry of the model that protects the
remaining degree of degeneracy.
In this short paper, we study the effects of the quantum fluctuations
on the dynamical generation of a quantum gap and on the evolution of the
spin-wave spectrum driven by the next-nearest-neighbor four-spin interaction
found previously [23]. Such a coupling, emergent from the quantum correc-
tions to the classical ground state, effectively induces a quantum spin gap
2
A AB
CC D
DCD
B BA
(a) (b)
(c)
Sx xS Sy yS
SSz z



  
Figure 1: (left) Unit cell of the triangular lattice of model (1) where the Ising-type nearest-
neighbor spin couplings on the three non-equivalent bonds – (γ)-bonds are each perpendic-
ular to the γ (= x, y, z) spin quantization axis – have only the γ-component. (right) First
Brillouin zone of the same triangular lattice and principal directions used to represent
the spin-wave spectrum: Γ = (0, 0), M =
(
pi, pi/
√
3
)
, K = (4pi/3, 0), M ′ =
(
0, 2pi/
√
3
)
,
K ′ =
(
2pi/3, 2pi/
√
3
)
.
shifting the nodal lines of the previously found linear spin-wave spectrum to
finite energies.
2. Model
We consider a spin one-half system (we keep S generic for notational
convenience) residing on a triangular lattice lying in the (1, 1, 1) plane of the
spin-quantization frame [see Fig. 1 (left)]. The label (γ)(= x, y, z) refers to its
three non-equivalent nearest-neighbor bonds spanned by the lattice vectors
ax =
(
1/2,−√3/2), ay = (1/2,√3/2) and az = (1, 0), respectively [see Fig. 1
(left)]. The (γ)-bond, which is perpendicular to the γ spin-quantization axis,
hosts nearest-neighbor spin couplings only between the Sγi components of the
spin operators Si [see Fig. 1(left)], and the corresponding Hamiltonian takes
the following form [23]
H = −
∑
i,γ
KγS
γ
i S
γ
i+aγ
. (1)
Given that the signs of theKγ couplings can be individually flipped by means
of a canonical transformation [23], without any loss of generality, we con-
sider hereafter all Kγ to be positive (ferromagnetic couplings). Then, after
the analysis performed in Ref. [23] within the linked-cluster expansion [22],
3
Figure 2: Schematic view of the 4th order perturbation process leading to the coupling of
the four spins sitting around a diamond, by means of quantum fluctuations [see Eq. (2)].
At each step, spin flips are performed in pairs at one of the diamond four bonds: in the
virtual states the location of the misaligned spins are indicated by filled circles and the
broken (z)-bonds are marked by wavy lines.
we know that a coupling between pairs of spins belonging to next-nearest-
neighbor chains emerges by the quantum corrections induced by the Kx and
Ky terms to the ferromagnetic classical ground state at the 4th order in a
diamond -shape 4-site cluster (see Fig. 2). The so derived coupling has the
following expression
δH = −K
∑
i
(
Szi S
z
i+az
)
Szi+axS
z
i+ay (2)
where K = 1
24
K2xK
2
y
|K3z | and the sites i + ax and i + ay belong to next-nearest-
neighbor chains [they are actually the ends of the longer diagonal of the
diamond cluster, see Fig. 2]. Given that Szi Szi+az is just
1
4
for Kz > 0, the
coupling between next-nearest-neighbor chains and the one acting along the
chains have the same sign. Taking into account such corrections, we come to
the effective Hamiltonian we wish to analyze in this short paper within the
linear spin-wave theory:
H ′ = H + δH. (3)
It is worth noting that, within the linear spin-wave theory, δH provides
higher-order terms with respect to those emerging from H. Accordingly, our
treatment of Eq. (3) automatically and exactly avoids any double counting
although, obviously, an exact treatment of H will give also the contribution
coming from δH.
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3. Spin-wave theory
3.1. Harmonic approximation
First, we apply the linear spin-wave theory to the Hamiltonian (1), i.e.
keeping only terms bilinear in the a-operators and thus obtaining an O (1/S)
expansion [23]. In particular, we consider the ferromagnetic state and use
the Holstein-Primakoff (HP) transformation
Szi = S − a†iai (4)
Sxi =
√
S
2
(
ai + a
†
i
)
(5)
Syi =
1
i
√
S
2
(
ai − a†i
)
(6)
where the bosonic ai operators, sited at the site i of the lattice, satisfy canon-
ical commutation relations
[
ai, a
†
j
]
= δij and [ai, aj] =
[
a†i , a
†
j
]
= 0. In this
representation, the Hamiltonian (1) reads as
H = −KxS
2
∑
i
(
a†iai+ax + a
†
i+ax
ai + a
†
ia
†
i+ax
+ aiai+ax
)
−KyS
2
∑
i
(
a†iai+ay + a
†
i+ay
ai − a†ia†i+ay − aiai+ay
)
−NKzS2 +KzS
∑
i
(
a†iai + a
†
i+az
ai+az
)
(7)
where N is the number of the lattice sites. Then, using the Fourier transform
ai =
1√
N
∑
k e
ik·riak and, therefore, moving to the momentum space, we find
H = −NKzS2 +
∑
k
[
A0 (k) a
†
kak −
1
2
B0 (k)
(
a†ka
†
−k + aka−k
)]
, (8)
whereA0 (k) = S
(
2Kz −Kx coskax −Ky coskay
)
, B0 (k) = S
(
Kx coskax −Ky coskay
)
,
kax = k · ax and kay = k · ay. Accordingly, the magnonic spectrum ω (k) is
given by
ω (k) =
√
A20 (k)−B20 (k) = 2S
√
(Kz −Kx coskax)
(
Kz −Ky coskay
)
. (9)
It is worth reminding that the ferromagnetic state results the lowest-energy
one once introducing the quantum corrections on top of the classical ground
state [23].
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3.2. Magnon interactions
Then, we intend to see how the spin-wave dispersion is modified upon in-
troducing the higher-order term δH (2), leading to the effective Hamiltonian
H ′. To this aim, we apply the linear spin-wave theory to this latter (3) and
consider again the ferromagnetic state. Keeping only terms bilinear in the
a-operators, we obtain the following expression for the higher-order term δH
in real space
δH = −NKS4 +KS3
∑
i
(
a†i+axai+ax + a
†
i+ay
ai+ay + a
†
i+az
ai+az + a
†
iai
)
.
(10)
Next, we move again to the momentum space by means of the same Fourier
transform
δH = −NKS4 + 4KS3
∑
k
a†kak. (11)
Such an expression for δH leads to the following one for H ′:
H ′ = −N (Kz +KS2)S2 +∑
k
[
A (k) a†kak −
1
2
B (k)
(
a†ka
†
−k + aka−k
)]
(12)
where A (k) = A0 (k) + 4KS3 = S
(
2Kz + 4KS
2 −Kx coskax −Ky coskay
)
and B (k) = B0 (k) = S
(
Kx coskax −Ky coskay
)
. Accordingly, the new
spin-wave dispersion ω′ (k) is
ω′ (k) =
√
A2 (k)−B2 (k)
= 2S
√
(Kz + 2KS2 −Kx coskax)
(
Kz + 2KS2 −Ky coskay
)
(13)
Comparing the new dispersion ω′ (k) to the previous one ω (k), Eq. (9), it is
evident that the net effect of the δH term in the effective Hamiltonian H ′
is the introduction of a rigid (not momentum dependent) shift of 2KS2 to
the Hamiltonian parameter Kz. Let us analyze in detail the new dispersion
ω′ (k) in the next section and comment briefly on the effects of such a shift.
4. Results
In Fig. 3, we report the spin-wave excitation spectra ω′ (k), Eq. (13), and
ω (k), Eq. (9), for Kγ = 1 and S = 1/2 along the principal directions of the
6
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Figure 3: Spin-wave excitation spectra ω′ (k) and ω (k) for Kγ = 1 and S = 1/2 along the
principal directions of the first Brillouin zone (Γ → M → K → Γ → M ′ → K ′ → Γ), see
dashed red and dotted blue paths in Fig. 1 (right).
first Brillouin zone (Γ → M → K → Γ → M ′ → K ′ → Γ), see dashed red
and dotted blue paths in Fig. 1 (right). As already derived and discussed
in Ref. [23], the spin-wave excitation spectrum ω (k) is gapless along the
nodal line Γ→M and all other equivalent-by-symmetry lines in momentum
space because of the sub-extensive degeneracy of the classical manifold [23].
Then, it is very remarkable to see that the effective coupling δH between
pairs of spins belonging to next-nearest-neighbor chains, emerging from a
careful treatment of the quantum fluctuations [23], is capable to open up a
spin gap along such nodal lines. In particular, for Kγ = 1, we have a gap of
1
6
S3 at the bottom of the band (the Γ point) and a gap of 1
6
S3
√
1 + 24/S2
at the M point. In fact, the previous nodal line Γ → M acquires a well
defined dispersion because of the interplay between the two terms under
the square root in Eq. (13): the first of them, Kz + 2KS2 − Kx coskax , is
no longer identically zero along Γ → M , and this allows the second one,
Kz + 2KS
2 − Ky coskay , to provide a dispersion. The rest of the spin-
wave excitation spectrum, that is along all other explored lines, is minimally
affected as expected. It is worth reminding that δH cannot fully lift the
degeneracy of the ground state as the two sublattices formed by nearest-
7
neighbor chains remain decoupled because of a hidden symmetry of the model
[23].
5. Conclusions
In this short paper, we have analyzed the effects on the spin-wave excita-
tion spectrum of the triangular analog of the Kitaev model [20, 21, 23] of an
effective coupling between pairs of spins belonging to next-nearest-neighbor
chains emerged by a careful treatment of the quantum fluctuations within
the linked-cluster expansion [22] at the 4th order [23]: the Kx and Ky terms
induce quantum corrections to the ferromagnetic classical ground state. In
absence of such a coupling, the spin-wave excitation spectrum presents nodal
lines along the Γ→M line and all other equivalent-by-symmetry lines in mo-
mentum space [23]. It is really remarkable that this effective coupling man-
ages to open up a spin gap in the spectrum, that becomes fully gapped, and
induces a well defined dispersion along the Γ → M line (partially removing
the degeneracy in the system), while the rest of the spectrum is minimally
affected as expected.
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